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The boundary scalar field on the horizon of black holes play important roles in black hole thermo-
dynamics. They can be identified with the microstates of black holes and account for the entropy.
In this paper, we show that the Hawking radiation can also be derived from those scalar fields.
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2I. INTRODUCTION
One important contribution of Hawking is the discovery of the Hawking radiation [1, 2], that is, the black hole can
radiate with a black body temperature TH . The thermal nature of those radiation lie at the heart of the “information
loss paradox” [3–5]. After Hawking seminal works, there are many other derivations that confirm Hawking’s results.
For a review, see Ref.[6] and references therein.
However, Hawking’s analyse is semi-classical: the black hole spacetime is treated as classical background. It raise
a probability that if the black hole spacetime is treated as quantum object, the thermal Hawking radiation may have
modifications to contain information. Long time ago, Bekenstein [7, 8] has proposed that black hole area has a discrete
spectrum,
An = 4αn~, n = 1, 2, 3, · · · , (1)
where α is dimensionless constant of order unity. The discrete area spectrum implies the discrete energy spectrum,
which modify the continuous Hawking radiation to discrete line emission. Later, Bekenstein and Mukhanov [9] suggest
that the radiation of a quantum Schwarzschild black hole of massM should be at integer multiples of the fundamental
frequency
ω0 = αTH =
α
8piM
. (2)
In the previous works [10], based on the boundary scalar field theory, we give the microstates for BTZ black holes
and Kerr black holes. Those microstates can account for the Bekenstein-Hawking entropy. In this paper, we will show
that those states can also give the Hawking radiation with some modification that similar to Bekenstein-Mukhanov’s
suggestion.
The paper is organized as follows. In section II, the BTZ black hole is analysed. In section III, the same method
are applied to the Kerr black hole. Section IV is the conclusion.
II. THE BTZ BLACK HOLE
In this section we analyse the BTZ black hole in three dimensional spacetime. The metric of the BTZ black hole is
[11]
ds2 = −N2dv2 + 2dvdr + r2(dϕ+Nϕdv)2, (3)
where N2 = −8M + r
2
L2 +
16J2
r2 , N
ϕ = − 4Jr2 , and (M,J) are mass and angular momentum respectively.
The thermodynamics quantities for BTZ black hole are
TH =
r2+ − r
2
−
2pir+L2
, SBH =
2pir+
4
, ΩH =
r−
r+L
, (4)
and satisfy the first law
dM = THdS +ΩHdJ.
3The distribution of Hawking radiation at infinity for the bosons is given by
Nm(ω) =
1
eβ(ω−mΩH) − 1
, (6)
where β = 1T is the inverse temperature, m is the azimuthal angular momentum number.
Now let us consider this distribution from the boundary scalar field on the horizon [10]. The scalar field has mode
expansion
φ(v′, ϕ) = φ0 + pvv
′ + pϕϕ+
√
1
m0A
∑
n6=0
√
1
2ω′n
[ane
−i(ω′
n
v′−knϕ) + a+n e
i(ω′
n
v′−knϕ)], (7)
where v′ = vγ =
r+
L v, ω
′
n =
|n|
r+
, kn = n and A = 2pir+ is the length of the circle. The scalar field φ(v
′, ϕ) can be
considered as collectives of harmonic oscillators, and a general quantum state can be represented as |pv, pϕ; {nk} >∼
(a+1 )
n1 · · · (a+k )
nk |pv, pϕ > where pv, pϕ are zero mode parts, and {nk} are oscillating parts. The zero mode parts give
important information about the fractional charges of the quasi-particles. The oscillating parts are associated with
the entropy and the radiation. The energy and angular momentum operators have the expression
Hˆ = Hˆ0 +
∑
k 6=0
|k|
r+
aˆ+k aˆk = Hˆ0 +
∑
k 6=0
ε′knˆk,
Jˆ = Jˆ0 +
∑
k 6=0
kaˆ+k aˆk = Jˆ0 +
∑
k 6=0
Jknˆk, k ∈ Z,
(8)
where ε′k =
|k|
r+
, Jk = k, nˆk = aˆ
+
k aˆk is the number operator and we omit the zero-point energy. The Hawking radiation
are observed at infinity, where the energy is associated with
ω ∼
∂
∂t
=
∂
∂v
=
∂
∂v′
1
γ
∼
ω′
γ
. (9)
We denote energy (temperature) that at infinity un-primed, and that on the horizon with prime ′. They can transform
into each other with scalar-factor γ.
Let us review the calculation of the entropy for BTZ black holes (Compared to Ref.[10], there are small changes
which keep the result unchanged). For the BTZ black hole with parameters (M,J), the oscillating parts satisfy the
constraints
1
c
∑ |k|
r+
nk = Mγ,
1
c
∑
knk = J, nk ∈ N
+, c = 3L/2G. (10)
Collect the positive part k > 0 as the right sector, and negative part k < 0 as left sector. Then they satisfy
1
c
∑
k>0
kn+k =
1
2
(Mγr+ + J),
1
c
∑
k<0
(−k)n−k =
1
2
(Mγr+ − J). (11)
The entropy for the right/left sector can be calculated by the Hardy-Ramanujan formula to gives
SR =
pi
4
(r+ + r−), SL =
pi
4
(r+ − r−). (12)
and the total entropy is
S = SR + SL =
2pir+
4
. (13)
4For right/left sectors, from the equation (11) we can associate them with the following energy on the horizon
E′R =
1
2
(Mγ +
J
r+
), E′L =
1
2
(Mγ −
J
r+
). (14)
Now we can define the dimensional temperatures on the horizon for the right/left sectors by
T ′R = (
∂E′R
∂SR
)V =
r+ + r−
2piLr+
= γ
T˜R
L
= γTR, T
′
L = (
∂E′L
∂SL
)V =
r+ − r−
2piLr+
= γ
T˜L
L
= γTL, (15)
where V = cr+ is the volume, T˜R/L =
r+±r−
2piL are dimensionless temperatures. It is easy to show that those tempera-
tures satisfy the relation
2
TH
=
1
TR
+
1
TL
. (16)
From those temperatures, the energy and entropy can be rewritten as some suggesting forms,
SR/L =
pi2
3
V T ′R/L, ER/L =
pi2
6
V T ′2R/L. (17)
They are just the entropy and energy for photon gas in one dimension circle with length V = cr+.
Now we consider the radiation on the horizon. The radiations between those levels have the energy and angular
momentum spectrum
ω′n =
|n|
r+
, m = Jn = n. (18)
So for Hawking radiation at infinity, the real energy for radiations are
ωn =
|n|
r+
1
γ
=
|n|
L
. (19)
They have constant frequency spacing and have a minimal frequency
∆ω = ω0 =
1
L
= ωmin. (20)
Now we can rewrite the distribution as follows
Nm(ωn) =
1
eβ(ωn−mΩH ) − 1
=
1
e
β( |n|
L
−n
r−
r+L
)
− 1
=
1
eβRωn − 1
H(n) +
1
eβLωn − 1
H(−n) =
1
eβ
′
R
ω′
n − 1
H(n) +
1
eβ
′
L
ω′
n − 1
H(−n),
(21)
where H(n) is the Heaviside step function. That is to say, the Hawking radiation are superposition of thermal
radiation of right/left sector at different temperatures.
III. THE KERR BLACK HOLE
We apply the same method to Kerr black holes. The metric of Kerr black hole can be written as [12]
ds2 = −(1−
2Mr
ρ2
)dv2 + 2dvdr − 2a sin2 θdrdϕ −
4aMr sin2 θ
ρ2
dvdϕ+ ρ2dθ2 +
Σ2 sin2 θ
ρ2
dϕ2, (22)
where ρ2 = r2 + a2 cos2 θ,∆2 = r2 − 2Mr + a2,Σ2 = (r2 + a2)ρ2 + 2a2Mr sin2 θ.
5The thermodynamics quantities for the Kerr black hole with parameters (M,J) are
TH =
r+ − r−
8pir+M
, SBH =
4pi(r2+ + a
2)
4
, ΩH =
a
r2+ + a
2
. (23)
Similar to the BTZ black hole case, the constraints are
1
c
∑
l
√
l(l+ 1) =
M2
2
,
1
c
∑
m
m =
aM
2
. (24)
The entropy calculation suggest us to consider the right/left sectors. For right/left sectors on the horizon, we can
associate them with the following energy and entropy
E′R =
1
4
(
M
2
γ +
J
r+
) =
1
8
(M + a)γ, E′L =
1
8
(M − a)γ, γ ≡
r2+ + a
2
r2+
,
SR = piM(r+ + a), SL = piM(r+ − a).
(25)
Now we can define the dimensional temperatures for the right/left sectors
T ′R = (
∂E′R
∂SR
)V = γ
r+ + a
8piMr+
≡ γTR =
T˜R
r+
, T ′L = (
∂E′L
∂SL
)V = γ
r+ − a
8piMr+
≡ γTL =
T˜L
r+
, (26)
where V = cr+ is the volume, T˜L/R =
1
4pi (1 ±
a
r+
) are dimensionless temperatures. It is easy to show that those
temperatures satisfy the relation
2
TH
=
1
TR
+
1
TL
. (27)
From those temperatures, the energy and entropy can be rewritten as,
SR/L =
pi2
3
V T ′R/L, ER/L =
pi2
6
V T ′2R/L. (28)
They are just the entropy and energy for photon gas in one dimension circle with length V = cr+, similar to the BTZ
black hole case.
The energy and angular momentum operators have the expression
Hˆ = Hˆ0 +
∑
l 6=0
m=l∑
m=−l
√
l(l + 1)
r+
aˆ+l,maˆl,m,
Jˆ = Jˆ0 +
∑
l 6=0
m=l∑
m=−l
maˆ+l,maˆl,m,
(29)
where we omit the zero-point energy. So the energy levels are
ε˜′l = ε0 +
√
l(l + 1)
r+
. (30)
We can define another form of energy,
ε′m = ε0 +
|m|
r+
. (31)
Then the energy and the azimuthal angular momentum for the radiations
ω′m =
|m|
r+
, m = m. (32)
6Similar to the BTZ black hole case, the energy at infinity should be
ωm =
|m|
r+
1
γ
=
|m|
2M
. (33)
They have constant frequency spacing and a minimal frequency
∆ω = ω0 =
1
2M
= ωmin. (34)
Now we can rewrite the distribution as follows
Nm(ωm) =
1
eβ(ωm−mΩH) − 1
=
1
e
β( |m|
2M
−m a
r2
+
+a2
)
− 1
=
1
eβRωm − 1
H(m) +
1
eβLωm − 1
H(−m) =
1
eβ
′
R
ω′
m − 1
H(m) +
1
eβ
′
L
ω′
m − 1
H(−m).
(35)
The Hawking radiation are also superposition of thermal radiation of right/left sector at different temperatures.
IV. CONCLUSION
In this paper, we derived the Hawking radiation form the boundary scalar fields. The Hawking radiation can be
considered as superposition of thermal radiation of right/left sector on the horizon at different temperatures T ′R/L.
The entropy and energy of black holes have the same form as photon gas in one dimension circle, both for the BTZ
black hole and the Kerr black hole.
The thermal radiation of right/left sectors are not exactly Boson distribution, since the energy has discrete levels
and also a minimal energy (20,34). The effects on the “information loss paradox” will be discussed elsewhere.
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